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ABSTRACT Using an effective medium argument, we show that the screening of hydrodynamic interactions 
has only a weak effect on the zero-shear-rate viscosity of a solution of rodlike molecules. The hydrodynamic 
screening length ( E )  varies with the monomer density ( p )  as E = p-'iZ, in contrast with f - p-' for the case 
of a solution of flexible chains under similar conditions. 

Introduction 
It is well-known' that for a dilute solution of long rodlike 

macromolecules the intrinsic viscosity ([q]) is proportional 
to M2 if the hydrodynamic interaction is completely ig- 
nored (where M is the molecular weight of the rod). The 
incorporation14 of hydrodynamic interactions leads to the 
familiar result [q] - W/ln M. When the number density 
of the rods in the solution is increased, the hydrodynamic 
interaction between any two space points in the fluid is 
progressively screened. The concentration dependence of 
the screening is derived in this paper. We show that the 
specific viscosity, (q - qo)/qop, is proportional to W / l n  p 
in the high-concentration limit, where p is the monomer 
density and q and qo are the viscosities of the solution and 
solvent, respectively. 

The analogous results for solutions of flexible chains are 
the f~llowing.',~ When hydrodynamic interaction is ig- 
nored, [q] 0: M. The incorporation of the hydrodynamic 
interaction leads to [q] 0: MI2. In the dense limit, where 
the hydrodynamic interaction is completely screened, [ (q 
- qO)/q$] 0: pM. Thus the hydrodynamic interaction plays 
a less pronounced role in the transport properties of so- 
lution of slender rods than in the case of flexible chains. 

In the treatment of the transport coefficients of solutions 
of rods, it is necessary to introduce a cutoff a t  short dis- 
tances.'+ However, it does not matter what this cutoff is 
since a proper solution is not yet available in this limit 
anyway. For simplicity, we consider the Riseman-Kirk- 
wood-Auer mode13v4 for the rod which treats the rod as a 
line of 2n + 1 beads separated by a step length 1 so that 
the length of the rod is L = 2nl. The length of the rod is 
taken to be very large compared to the diameter (d)  of 
these beads, so that the beads can be treated to be point 
frictional sources. As mentioned above, any theoretical 
treatment requires a cutoff a t  short distances along the 
rod. We choose the step length 1 to be this cutoff. 

We have deliberately ignored the entanglement effects1' 
between the various rods, as we are interested here in 
finding how weak the effect of hydrodynamic interaction 
is on the transport properties of solutions of rods and what 
the concentration dependence of the hydrodynamic 

screening length is. Since the rods begin to get entangled 
for c > L-3 (c = number density of rods), the formulas 
derived below are valid for L such that d << L << c - ' / ~ .  
Thus it may be possible to get to the screened regime for 
a solution of short but thin rods. Although there has been 
an earlier atternptl2 at describing the hydrodynamic in- 
teraction in an entangled semidilute solution of rods, the 
problem addressed here is even simplier but basic. 

The important results derived in this paper are sum- 
marized as follows: 

(i) The reduced viscosity is given by 
(q - qo) /qo  = (7r/12)cL3/ln (L/1) 

(v - qo)/v0 = (*/12)cL3/El(&-') high c (1) 

(ii) The screening length ( appearing in eq 1 is given by 

low c 

where El is the exponential integral.13 

,$-2E1(1[-') = 37rcL (2) 

Basic Equations 
The fluid in the absence of the suspended rods is taken 

to obey the linearized Navier-Stokes equation (in the 
steady-state limit). 

(3) 
Here v(r) is the velocity field at any space point r, p is the 
pressure, qo is the shear viscosity of the solvent, and F,(r) 
is the external field driving the fluid flow. Assuming that 
the fluid is incompressible, this equation can be written 
as an integral equation in terms of the familiar Oseen 
tensor Go. 

-qoV2v(r) + Vp(r) = F,(r) 

" 
v(r) = J-dr' Go(r - r').F,(r') 

Go(R) = (1 /8~olRl) ( l  + RR/IRI2) (4) 
The long-ranged hydrodynamic interaction present in a 
solvent as given by the Oseen tensor is altered by the 
presence of rods, and this modification is the origin of the 
screening of the hydrodynamic interaction. The extent of 
the screening as a function of the polymer density is de- 
rived below. 
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Thus when [-2(k) becomes independent of k, [ is the 
screening length for the hydrodynamic interaction.s 
Therefore, the viscosity of the solution and the extent and 
the conditions of the screening of hydrodynamic interac- 
tion are contained in [-2(k), which we now proceed to 
derive. 

Instead of giving a rigorous multiple-scattering analysis, 
we present here the effective meedium argument.8 Con- 
sider a single chain present in an effective medium whose 
propagator g[[(k)] is given by eq 10, where ((k) is unknown 
and to be determined. The contribution of one such chain 
in the effective medium (in terms of unknown ((k)) to the 
divergence of the stress tensor when multiplied by N must 
be equal to qo.ff-2(r - r’).u(r’) dr’. Then the requirement 
of self-consistency in t (k)  leads to the desired expression 
for [-2(k). Thus the derivation is as follows. 

For a single chain present in the effective medium de- 
scribed by g of eq 10, the average velocity field is given 
by 

u’(r) = Id.’ G(r  - r’)-Fe(r’) + C G(r  - RJa,, (11) 

Using the boundary condition of eq 5, we obtain 

2n+l 

L=l 

2n+l  
Re, = Id.’  G(R,, - r’).Fe(r’) + C G(R,, - RJu, 

Define an inverse operator G-l according to 

X G-’(R,,,R,)*G(R,, - R,,) = 16, (13) 

where 6, is the Kronecker delta. Use of eq 13 in eq 12 gives 

J = 1  
(12) 

2n+l 

p=l  

Consider a solution containing N rods each of length L. 
We adopt the Riseman-Kirkwood model3 for the rod by 
taking each rod to contain 2n + 1 beads with step length 
1, so that L = 2nl. Let Rei denote the position of the ith 
bead of a th  rod. We assume that the various beads are 
taken to be point sources of friction, so that the rod is a 
thin line of length L. Thus we ignore the contribution of 
the finite diameter ( d )  of the rod. In the limit of L >> d,  
the effect of the finite thickness of the rod on the viscosity 
of the solution is not appreciable as in the case of polymer 
solutions. We further assume that the dynamics of the 
rods and the solvent are coupled by the Stokes boundary 
condition 

a 
at 
-R,i = v[R,i] (5) 

The coupled equations of motion for the combined 
rods-solvent system can readily be obtained by con- 
structing the Rayleighian of the system, since frictional 
forces are present. Since this method is outlined else- 
where,I4 we merely give the final equations for the com- 
bined system. 
-q0V2v(r) + Vp(r) = 

N 2n+l  2n+l 

a=l i=l  i= l  
F,(r) + 2 C 6(r - R,,)uai C uai = f, (6) 

where uai is the Lagrange multiplier due to the constraint 
of eq 5 and can be interpreted as the force density exerted 
by the ith bead of a th  rod into the fluid. The second 
equation of (6) is the equation of motion for the ath rod, 
where f, is the net random force and the potential forces 
acting on a. 

We now follow the lines of the Freed-Edwards theory’ 
for flexible chains to obtain the average velocity field u 
at r in the solution, where u(r)  = (v(r)) ,  with the angular 
brackets representing the averages over the centers of mass 
of all the rods and over all possible orientations of the rods. 
In this paper, we consider only the isotropic phase, where 
all orientations of any rod are equally accessible. By 
performing the above-mentioned average on the first 
identity of eq 6, we get 

-qoV2u(r) + Vp(r) - I d r ’  Z(r - r’).u(r’) = Fe(r) (7) 

where the last term on the left-hand side contains all the 
contribution of the rods and is actually the average di- 
vergence of the stress tensor arising from rods. By Fourier 
transforming eq 7 with respect to r (k - conjugate vari- 
able) and defining -Z(k)/qO 

(8) 

Since the Navier-Stokes fluid flow is present even for 
the whole solution, [-2(k = 0) must vanish. It is shown 
below that this is indeed so. Furthermore, 5-2(k) varies 
as k2 for low k. I t  is obvious from the structure of eq 8 
that the k2 coefficient of [-2(k) yields the change in the 
shear viscosity due to the presence of rods 

(9) 

Also, if .!-2(k) is independent of k, for certain ranges of k,  
then for these ranges of k the hydrodynamic interaction 
is screened as 

u(r)  = Jdr’ G(r  - r’)-F,(r’) 

[-2(k), we obtain 

q0[k2 + [ -2 (k ) ]~ (k )  + ikp(k) = F,(k) 

(7 - q o ) / q o  = F i  k-2F-2(k) 

2n+l 

i=1 
umi = C G-’(R,,,Raj).[Raj - I d r ’  G(Rai - r’).F,(r’)] 

(14) 
Substitution of eq 14 in the static limit into eq 11 yields 

u’(r) = u(r )  - I d r ’  dr”  G(r - r’). 
2n+l 

i j = l  
( C 6(r’ - R,,)G-’(R,,,R,)G(R, - r”)).u(r”) (15) 

Thus the contribution of one chain in the effective medium 
to Sdr’ Z(r - r’).u(r’) is ’ V I d r ’  (iz16(r - R,i)G-’(R,[,R,j)G(R, - r’).).u(r’) 

(16) 

Thus the self-consistency requirement for E-2(r - r’) leads 
to 

2n+l 

AT 2n+l  

(17) 
In eq 16 and 17, the angular brackets denote the average 
over all possible orientations of the rod a, whereas in eq 
15, they denote the averaging over the center of mass of 
a also. Note that G-l in eq 17 depends on 1-2 through eq 
13 and 10. By Fourier transforming eq 17, we get 

[-2(k) = -( exp[-ik.(R, - R,)]G-’(R, - R,)) = 

N 

N 2n+l 

??Ov lJ’1 

-C(exp[-ik.(R, - RJ])(G-’(R, - R,)) (18) 

The error introduced by the preaveraging approximation 
in eq 18 is not known, although the same approximation, 

VOV L J  
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in the case of a solution of flexible chains, leads to an error 
of about 10% in the numerical prefactor. Since our main 
focus here is on the functional dependence of the screening 
length on concentration but not on the precision of the 
numerical prefactor, the preaveraging approximation 
should be sufficient in the following sections. (G-l) and 
f-Yk) are evaluated in the following section. 

Calculations 
Converting the summations in eq 18 to integrals with 

the changes of variables x = i /n  and y = j /n ,  we obtain 
[ - 2 ( k )  = 
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where G,, is given by eq 25 and 26 and p is the monomer 
density. We now calculate the viscosity of the solution at 
low and high rod concentrations. 

A. Infinite Dilution. Since [ - 2 ( k )  has a leading de- 
pendence on p to the first power, the [-2 term in the in- 
tegral for G,, in eq 25 can be ignored for very dilute so- 
lutions. It then follows that 

where i is the unit vector along the direction of the rod. 
By performing the average over all possible orientations 
of the rod, we get 

(exp(-ik.inllx - yl)) = jo(kln)x - yI) (20) 

where J o  is the modified Bessel function of first kind.13 
Expanding (G-'(x,y)) in double Fourier series 

m 

(G-'(x,y)) = C ( G,,,-l) exp(iapx - iap'y) (21) 
p,@'=-m 

with 

we get from eq 19 and 20 

(G,,;') e x p [ h ( x  - Y)] (22) 

where only the diagonal terms of ( G,,<-l) are kept. This 
is along the spirit of the Riseman-Kirkwood approximation 
and is correct asymptotically for large p values. Using the 
preaveraging approximation in eq 13, we get 

G,;l = 1/(2n)2G,, (23) 

where 

Substituting eq 10 for G (after taking an angular average 
over the tensorial part) into eq 24, we obtain 

exp[-iw(x - Y)I (25) 
where eq 20 has been utilized. Combining eq 22,23, and 
25, we get the desired expression for t - 2 ( k )  as 

exp[-iap(x - y)] = 
1 

(28) 

Writing the integral on the right-hand side as a summation 
by going back to the original discretized model for the rod 
in terms of beads, we get 

where Ci is the cosine integral.13 
Substitution of eq 29 into eq 27 gives 

This is the same result as of Riseman-Kirkwood-Auer in 
the non-free-draining limit as it must be, but the numerical 
prefactor cannot be taken seriously due to the introduction 
of cutoff a t  short distances and omission of rotary degree 
of freedom. In the limit of very large n, Ci ( x )  is In ( y x ) ,  
where y = 1.781. Ignoring the p dependence of Ci, the 
intrinsic viscosity [4] of the solution follows from eq 30 as 

aplL2 -- - 4 - 40 

70 12 1n (L/O 

[4] = 7rNAL3/12M In (L/l) (31) 

where NA is the Avogadro number and M is the molecular 
weight. 

The adoption of a different model for the rod (for ex- 
ample, an explicit consideration of the rotational motion 
of the rod) is expected to give a different numerical pre- 
factor for [4]. However, the essential behavior of pW/ln 
M for [q] is valid for sufficiently large molecular weights. 

B. Screening Length. For the small-k limit, l - 2 ( k )  
given by eq 26 is proportional to k 2 ,  satisfying the Navi- 
er-Stokes fluid flow symmetry. Thus, there is no hydro- 
dynamic screening for large characteristic length scales 
comparable to the size of the container. However, for large 
k such that 111 > k > 1/L, Fw2 becomes independent of k 
provided the denominator of the integrand of eq 26 is 
independent of p. If this is true, then there is hydrody- 
namic screening. Assuming for now that the denominator 
of eq 26 is independent of p, we obtain 

12a2N - 
- y)] = - C S - d s  j,(klsl) exp(iq's) = Vnl u = ~  -- 

127r2N 
V (1 - a/knl) N 12a2N/V (32) 
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where q'= irp/nl and O(x) is the step function. Thus [ - 2 ( k )  
is independent of k under the above-mentioned condition. 
Now we look for the self-consistent condition that makes 
the denominator of eq 26 independent of p. Let p be very 
large. Since [%) is proportional to p as the leading power, 
the z intergral in eq 26 is dominated by large z values. For 
such large z values, the oscillations due to exp[-irp(x - y ) ]  
are overwhelmed by those of j,. Therefore, this term turns 
out to be 

Macromolecules, Vol. 16, No. 9, 1983 

screening length is derived. The relative viscosity changes 
from p P / l n  M for very dilute solutions to p P / l n  ( 1 / [ )  
for high concentrations, where p is the monomer density. 
The screening length is given by eq 34. Since the expo- 
nential integral is in general a weak function, .$ varies 
approximately as p-'I2. Furthermore, the screening of the 
hydrodynamic interaction does not appreciably increase 
the viscosity for this problem. 

These results are to be contrasted with those of a solu- 
tion of flexible chains, where the screening of the hydro- 
dynamic interaction increases the viscosity by a factor of 
pWlz and [ varies as p-' under similar conditions. 

As we are interested here only in the nature of the hy- 
drodynamic screening, we have treated the simplest model 
for the rod. The better models dealt with in the literature 
for the single-rod problem can readily be discussed for the 
concentration-dependent viscosity of the solution. How- 
ever, these models would alter only the numerical factors 
but not the functional nature. 

In our treatment we have completely ignored the en- 
tanglement effects and it is not clear how [ is affected by 
the entanglement constraints. 
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